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Abstract
When does a Tychonoff space X have a Hausdorff compactification with the remainder belong-
ing to a given class of spaces? A classical theorem of Henriksen and Isbell and certain theorems,
involving a new completeness type property introduced below, are applied to obtain new results on
remainders of topological spaces and groups. In particular, some strong necessary conditions for a
topological group to have a metrizable remainder, or a paracompact p-remainder, are established (the
group itself turns out to be a paracompact p-space (Theorem 4.8)). It follows that if a non-locally
compact topological group G is metrizable at infinity, then G is a Lindelöf p-space, and the Souslin
number of G is countable (Corollary 4.10). This solves Problem 10.28 from [M. Hušek, J. van Mill
(Eds.), Recent Progress in General Topology, vol. 2, North-Holland, 2002, pp. 1–57].
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1. Introduction
When does a Tychonoff space X have a Hausdorff compactification with the remainder
belonging to a given class of spaces? A classical non-trivial result in this direction is the
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type if and only if the remainder in any (or in some) Hausdorff compactification of X is
Lindelöf [9]. Recall that a space X is of countable type if every compact subspace P of X is
contained in a compact subspace F ⊂ X that has a countable base of open neighbourhoods
in X [1]. All metrizable spaces and all locally compact Hausdorff spaces are of countable
type. Therefore, it follows from the theorem of Henriksen and Isbell that every remainder
of a metrizable space is Lindelöf, and hence, is paracompact.
Notice, how two very different properties are brought together in Henriksen–Isbell’s
theorem, in a natural duality. Amazingly, we do not know much beyond this result. For
example, we do not know when a Tychonoff space X has a Hausdorff compactification
with a metrizable remainder, we do not know when there exists a compactification for X
with a paracompact remainder or with a paracompact p-remainder, and so on. In fact,
we do not know much about the relationship between properties of X and properties of
remainders of X in Hausdorff compactifications, and whatever we know in this direction
is very unsystematic.
Below we consider spaces whose remainders are close, in some sense, to being metriz-
able. In particular, we consider when a space has a remainder with a Gδ-diagonal. The
strongest results are obtained for topological groups. Among the main results are Corol-
lary 3.7, Theorems 3.3, 4.3 and 4.5, Corollary 4.11, Example 4.15, Theorems 4.6, 4.8,
4.14 and 4.19. Curiously, every remainder of a Lindelöf p-space is a Lindelöf p-space
(Theorem 2.1). However, this statement does not generalize to paracompact p-spaces: the
remainders of such spaces need not be paracompact p-spaces. However, we establish that
if a topological group G has a remainder that is a paracompact p-space, then G itself is
a paracompact p-space (Theorem 4.8). It follows from Theorems 4.6 and 2.1 that the re-
mainder, in this case, is a Lindelöf p-space. Several new open problems are posed. One
of them is to characterize non-locally compact topological groups that have a metrizable
remainder.
“A space” in this article stands for a Tychonoff topological space. A remainder of a
space X is a space bX \ X, where bX is a compactification of X. We say that a space X
has a property P at infinity if some remainder of X has the property P . Very often this
implies that every remainder of X has the property P . For example, this is the case if P
is paracompactness. If γ is a family of subsets of a space X, and x ∈ X, then Stγ (x) =⋃{U ∈ γ : x ∈ U}. Recall that paracompact p-spaces are preimages of metrizable spaces
under perfect mappings. A mapping is said to be perfect if it is continuous, closed, and all
fibers are compact. A Lindelöf p-space is a preimage of a separable metrizable space under
a perfect mapping. In general, we follow [7] in terminology and notation.
2. Remainders and Lindelöf p-spaces
Clearly, every separable metrizable space has a separable metrizable remainder. Here is
a parallel result, curious and useful, though not difficult to prove.
Theorem 2.1. If X is a Lindelöf p-space, then any remainder of X is a Lindelöf p-space.
A.V. Arhangel’skii / Topology and its Applications 150 (2005) 79–90 81Proof. Fix a perfect mapping f of X onto a separable metrizable space Z, and let bZ
be a metrizable compactification of Z. Then βX is mapped onto bZ by a continuous ex-
tension f + of f . The restriction of f + to βX \ X is a perfect mapping of βX \ X onto
Y = bZ \ Z. Since Y is separable and metrizable, it follows that βX \ X is a Lindelöf
p-space. 
The converse is not true in general, since every locally compact non-compact space has a
remainder consisting of one point. However, the following partial converse to Theorem 2.1
holds:
Corollary 2.2. If X is a nowhere locally compact space with a remainder that is a Lindelöf
p-space, then X is a Lindelöf p-space itself.
Proof. In view of Theorem 2.1, it suffices to observe that, for any compactification bX
of X, the remainder Y = bX \ X is dense in bX and therefore, X is a remainder of Y . 
Unfortunately (and somewhat unexpectedly), Theorem 2.1 cannot be generalized to
paracompact p-spaces. Recall that a space X is a p-space if in any (in some) compact-
ification bX of X there exists a countable family ξ = {γn: n ∈ ω} of families γn of open
subsets of bX such that x ∈⋂{Stγn(x): n ∈ ω} ⊂ X, for each x ∈ X. Note that under these
restrictions we automatically have: X ⊂⋃γn, for each n ∈ ω. It was shown in [1] that
every p-space is of countable type, and that every metrizable space is a p-space.
Example 2.3. Let X be a nowhere locally compact metrizable non-separable space. For
example, we can take X to be the topological product of ω copies of an uncountable dis-
crete space. Consider any compactification bX of X, and put Z = bX \ X. Then X is a
space of countable type. Therefore, Z is Lindelöf. We claim that Z is not a p-space. In-
deed, assume the contrary. Since X is nowhere locally compact, the subspace Z is dense
in bX. Thus, b(X) is a compactification of Z, and X = bX \ Z is the remainder. Since Z
is a p-space, Z is of countable type. Therefore, the remainder X is Lindelöf. Since X is
metrizable, it follows that X is separable, a contradiction. Thus, not every metrizable space
has a metrizable remainder.
It is appropriate to mention here the next fact:
Theorem 2.4. If a metrizable space X has a metrizable remainder Z, then this remainder Z
is separable, and every remainder of X in a Hausdorff compactification is a Lindelöf p-
space.
Proof. Since X is metrizable, X is of countable type. Therefore, by Henriksen–Isbell’s
theorem, the remainder Z is Lindelöf. Since Z is metrizable, it follows that Z is separable.
The remainder βX \ X of X in the ˇCech–Stone compactification βX is a preimage of Z
under a perfect mapping. Hence, βX \ X is a Lindelöf p-space. A remainder Y of X in
arbitrary compactification bX of X is an image of βX \ X under a perfect mapping [7].
Hence, by Filippov’s theorem in [8], Y is also a Lindelöf p-space. 
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Z in some compactification bX, then bX and X are separable metrizable spaces.
Proof. By Theorem 2.4, Z is separable. Since X is nowhere locally compact, it follows
that Z is dense in bX, that is, bX is separable. Hence, the Souslin number c(X) of X is
countable. Since X is metrizable, it follows that X is separable. Thus, bX is the union of
two separable metrizable subspaces. Since bX is compact, it follows that bX is separable
and metrizable [7]. 
Our more delicate results in this article concern remainders of topological groups. It
turns out that topological groups are much more sensitive to properties of their remainders,
and vice versa. However, before we switch to topological groups, we have to develop a
certain technique. This is done in the next section. At the center of this technique is a new
notion of completeness type which seems to be interesting in itself.
3. A new completeness type property and spaces with a Gδ-diagonal
Every metrizable space has a Gδ-diagonal. Let us investigate how strong is the assump-
tion that X has a compactification with a remainder that has a Gδ-diagonal.
We call a space X Ohio complete if in every compactification bX of X there exists a
Gδ-subset Z such that X ⊂ Z and every y ∈ Z \ X is separated from X by a Gδ-subset
of Z. Clearly, we have:
Proposition 3.1. Every ˇCech-complete space is Ohio complete.
It follows that an Ohio complete space need not be Hewitt–Nachbin complete (consider
the space ω1 of countable ordinals). On the other hand, we have:
Proposition 3.2. Every Lindelöf space X is Ohio complete.
Proof. Take any compactification bX of X. Then bX \ X is the union of a family of Gδ-
subsets of bX (see [7]). Hence X is Ohio complete (put Z = bX). 
Theorem 3.3. Every space with a Gδ-diagonal is Ohio complete.
This theorem follows from a general result established below. It is well known
(Ceder [6]) that a space X has a Gδ-diagonal if and only if there is a countable family
ξ = {γn: n ∈ ω} of open coverings of X such that ⋂{Stγn(x): n ∈ ω} = {x}, for every
x ∈ X. We now weaken the last condition as follows.
A countable family ξ = {γn: n ∈ ω} of open coverings of X is compactly rooted if, for
every x ∈ X, and for any choice of Vn ∈ γn such that x ∈ Vn, the set⋂{Vn: n ∈ ω} is com-
pact. A space X is said to be compactly rooted if X has a countable family ξ = {γn: n ∈ ω}
of open coverings that is compactly rooted. The following statement immediately follows
from Ceder’s characterization of spaces with a Gδ-diagonal.
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Theorem 3.5. If a space X is compactly rooted, then X is Ohio complete.
Proof. Take any compactification bX of X. For every open subset V of X, fix an open
subset O(V ) of bX such that O(V )∩X = V . Put µn = {O(V ): V ∈ γn} and Gn =⋃µn.
Then Gn is an open subset of bX and X ⊂ Gn. Hence, Z =⋂{Gn: n ∈ ω} is a Gδ-subset
of bX such that X ⊂ Z.
We are going to show that every y ∈ Z \ X is separated from X by a Gδ-subset of Z.
Fix y ∈ Z \X, and, for each n ∈ ω, take any Vn ∈ γn such that y ∈ O(Vn). This is possible,
since y ∈ Gn. Put F =⋂{Vn: n ∈ ω} and P =⋂{O(Vn): n ∈ ω}. Clearly, P is a Gδ-
subset of bX, y ∈ P , and P ∩ X ⊂ F ⊂ X. Therefore, if F is empty, P is the set we are
looking for. Assume now that F is non-empty. Then F is compact, since ξ is compactly
rooted. Hence F is closed in bX. We also have y /∈ F , since F ⊂ X and y /∈ X. Therefore,
P1 = P \ F is a Gδ-subset of bX such that y ∈ P1 and P1 ∩ X = ∅. 
Theorem 3.3 follows from Theorem 3.5 and Proposition 3.4.
Theorem 3.6. Every p-space X is compactly rooted.
Proof. Let bX be any compactification of X. Since X is a p-space, there exists a countable
family {γn: n ∈ ω} of families γn of open subsets of bX such that X ⊂⋃γn, for every
n ∈ ω, and, for each x ∈ X,⋂{Stγn(x): n ∈ ω} ⊂ X.
Since bX is regular, for every n ∈ ω we can construct an open covering µn of the
space X such that the closure (in bX) of every V ∈ µn is contained in some U ∈ γn and
X ⊂⋃µn.
Now take any x ∈ X, and suppose that Vn ∈ µn are selected for each n ∈ ω, so that
x ∈⋂{Vn: n ∈ ω}. We are going to show that the closure in X of the set⋂{Vn: n ∈ ω} is
compact. By the choice of µn, there exists Un ∈ γn such that Vn ⊂ Un (where the closure
is taken in bX). Put F =⋂{Vn: n ∈ ω}. Then F is compact, and F ⊂⋂{Un: n ∈ ω}.
Since x ∈ Un ∈ γn, we have x ∈⋂{Un: n ∈ ω} ⊂ X. Therefore, F is a compact subset
of X. Since
⋂{Vn: n ∈ ω} ⊂ F , it follows that the closure in X of the set⋂{Vn: n ∈ ω} is
compact. Hence, X is compactly rooted. 
Corollary 3.7. Every p-space is Ohio complete.
The proofs of the next two statements should be by now obvious.
Proposition 3.8. Suppose that a space X admits a continuous mapping with compact fibers
onto a Tychonoff space Y with a Gδ-diagonal, then X is compactly rooted and therefore,
X is Ohio complete.
Proposition 3.9. Suppose that a space X admits a perfect mapping onto a compactly rooted
space Y . Then X is also compactly rooted and therefore, is Ohio complete.
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perfect mapping is compact [7]. 
Every remainder of a metrizable space X in a compactification is Ohio complete,
since X is a space of countable type and any remainder of X must be Lindelöf. On the
other hand, we have seen in Section 1 that not every metrizable space has a remainder that
is a p-space. Now it is natural to ask whether it is always possible to find a compactifi-
cation for a metrizable space such that the remainder has a Gδ-diagonal? We answer this
question in the next example.
Example 3.10. Let X be a nowhere locally compact, non-separable space metrizable by a
complete metric. For example, we can assume that X is the countable power of an uncount-
able discrete space. Take any compactification bX of X. We claim that bX \ X does not
have a Gδ-diagonal. Assume the contrary. Since X is completely metrizable, the remainder
Y = bX \ X is σ -compact. Since Y has a Gδ-diagonal, it follows that Y has a countable
network. The subspace Y is dense in bX, since X is nowhere locally compact. Hence, bX
is separable. Therefore, the Souslin number of X is countable. Since X is metrizable, it
follows that X is separable, a contradiction.
The notion of Ohio completeness turns out to be useful in the study of remainders. We
will see this in the next section.
4. Topological groups with remainders close to metrizable
Suppose that G is a topological group. When G has a compactification with a metrizable
remainder? This question was asked in [4]. It turns out to be much easier to answer this
question for topological groups than in the general case. We will see that topological groups
are much more sensitive to the properties of their remainders than topological spaces in
general.
The technique involving Ohio complete spaces will be applied in this section to study
when a topological group has a remainder, in some compactification, with certain proper-
ties of metrizability type. Some earlier results in this direction were obtained in [5,4].
First, we establish the following very useful version of Henriksen–Isbell’s theorem for
topological groups.
Theorem 4.1. A topological group G is Lindelöf at infinity if and only if G is a paracom-
pact p-space.
Proof. Suffices to apply the general Henriksen–Isbell’s theorem and to recall that a topo-
logical group is a paracompact p-space if and only if it is of point-countable type (see [11]
for a detailed discussion and for further references). 
Many features of the next example are explained in subsequent theorems.
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topological group, it is not normal, not paracompact, and is nowhere locally compact and
separable. Let b(Rc) be any compactification of Rc . It is natural to ask, what properties the
remainder Z = b(Rc) \ Rc might have?
Observe that Z is dense in b(Rc), since Rc is nowhere locally compact. Clearly, b(Rc)
is separable; therefore, the Souslin number of Z is countable.
The remainder Z is not paracompact. Otherwise Z would have been Lindelöf. This
would imply that Rc is of countable type, and as a topological group, Rc would be a
paracompact p-space (see [2] or [11]), which it is not. This contradiction shows that Z is
not paracompact.
The space Z is not of countable type. Indeed, assume the contrary. Since Rc is a re-
mainder of Z, it follows that Z is Lindelöf, which it is not. Hence, Z is not of countable
type and is not a p-space.
Theorem 4.3. Suppose that G is a topological group and that bG is a compactification
of G. Then the remainder bG\G is Ohio complete if and only if at least one of the following
conditions holds:
(1) G is a paracompact p-space;
(2) G is σ -compact.
Proof. Sufficiency. Sufficiency holds for all spaces, not just for topological groups. Indeed,
if G is σ -compact, then bG \ G is ˇCech-complete and therefore, is Ohio complete. If G is
a p-space, then G is of countable type, which implies, by Henriksen–Isbell’s theorem, that
the remainder bG \ G is a Lindelöf space and hence, is an Ohio complete space.
Necessity. We may assume that G is not locally compact, since otherwise G is definitely
a paracompact p-space. Then G is nowhere locally compact, since the space G is homo-
geneous. It follows that the remainder Y = bG \ G is dense in bG. Hence, bG is also a
compactification of Y . Since Y is Ohio complete, we can fix a Gδ-subset Z of bG such
that Y ⊂ Z and every y ∈ Z \ Y can be separated from Y by a Gδ-subset of Z. If Z \ Y is
empty, then Y = Z is a Gδ-set in bG which implies that G is a σ -compact subspace of bG.
In this case, the second alternative holds.
Consider now the case when Z \ Y = ∅, and fix p ∈ Z \ Y . By the choice of Z, there
exists a Gδ-subset P of Z such that p ∈ P ⊂ Z \Y . Then p ∈ P ⊂ G, and P is a Gδ-subset
of bG, since Z is a Gδ-subset of bG. Since bG is compact, it follows that there exists a
non-empty compact subspace F of G such that F ⊂ P ⊂ G and F has a countable base
of open neighbourhoods in bG. Then F has a countable base of neighbourhoods in the
space G, which implies that G is a paracompact p-space, since G is a topological group
(see [11]). 
It follows that the space Rω1 does not have a compactification with an Ohio complete
remainder. Therefore, no remainder of Rω1 has a Gδ-diagonal.
Example 4.4. Take any topological group G with a countable network such that G is
neither σ -compact, nor metrizable. For example, we can let G to be Cp(I), the space of
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convergence. Let bG be any compactification of G. Then the remainder bG \ G cannot
be Ohio complete. Indeed, otherwise, by Theorem 4.3, G is a p-space. However, every
p-space with a countable network has a countable base [1] and is, therefore, metrizable.
Since G was selected to be non-metrizable, we have a contradiction.
Theorem 4.5. Suppose that G is a non-locally compact topological group and bG a com-
pactification of G. Then the remainder bG \ G is a p-space if and only if at least one of
the following conditions holds:
(a) G is a Lindelöf p-space;
(b) G is σ -compact.
Proof. Sufficiency. If G is σ -compact, then every remainder of G is ˇCech-complete and
therefore, is a p-space. If G is a Lindelöf p-space, then every remainder of G is a Lindelöf
p-space, as we have seen in Section 2. Therefore, sufficiency holds for all spaces, not just
for topological groups.
Necessity. Since every p-space is of countable type, and bG \ G is dense in bG, the
space G is Lindelöf, by Henriksen–Isbell’s theorem. It remains to apply Theorem 4.3 and
Corollary 3.7. 
Let us strengthen the restriction on the remainder in Theorem 4.5: assume that bG \ G
is a paracompact p-space. This changes the situation drastically. The next two results will
help us to reveal a basic fact in this direction (Theorem 4.8, see also Theorem 4.9).
Nagami has defined a class of Σ -spaces in [10]. This class has important properties. It
contains the class of metrizable spaces and the class of spaces with a σ -discrete network.
Lindelöf Σ -spaces can be characterized as continuous images of Lindelöf p-spaces. Every
space with a countable network and every σ -compact space is in this class.
Theorem 4.6. Let G be a non-locally compact topological group that is a Σ -space in the
sense of Nagami, and let bG be a compactification of G such that the remainder bG \ G
is a paracompact p-space. Then G is a Lindelöf p-space.
Proof. Since G is not locally compact, the remainder Y = bG \ G is dense in bG. There-
fore, G is a remainder of Y . The space Y is of countable type, since it is a p-space. It
follows, by Henriksen–Isbell’s theorem, that G is Lindelöf. Thus, G is a Lindelöf Σ -
space; since G is also a topological group, it follows that the Souslin number of G is
countable [14]. Therefore, the Souslin number c(bG) is countable. On the other hand, the
Souslin number c(Y ) does not exceed the Souslin number c(bG) of bG, since Y is dense
in bG. Therefore, c(Y )  c(bG)  ω. Since Y is paracompact, it follows that Y is Lin-
delöf. Hence, by Henriksen–Isbell’s theorem, the space G is of countable type. Since G is
a topological group, G is a paracompact p-space. Hence, G is a Lindelöf p-space. 
Proposition 4.7. If G is a σ -compact topological group with a remainder that is a para-
compact p-space, then G is a Lindelöf p-space.
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p-space, since all locally compact spaces are p-spaces. It remains to consider the case
when G is not locally compact. Then the conclusion follows from Theorem 4.6, since
every σ -compact space is, obviously, a Σ -space in the sense of Nagami. 
Theorem 4.8. Suppose that G is a topological group, and that bG is a compactification
of G such that the remainder bG \ G is a paracompact p-space. Then G is also a para-
compact p-space.
Proof. If G is locally compact, then G is a paracompact p-space. By Theorem 4.5, it
remains to consider the case when G is σ -compact and not locally compact. However,
every σ -compact topological group with a paracompact p-remainder is a Lindelöf p-space,
by Proposition 4.7. 
In a certain sense, the following result sums up the situation with paracompact p-
remainders of topological groups even better than Theorem 4.8.
Theorem 4.9. Let G be a non-locally compact topological group, and let bG be a com-
pactification of G such that the remainder bG \G is a paracompact p-space. Then both G
and bG \ G are Lindelöf p-spaces.
Proof. Since every paracompact p-space is a Σ -space [7], it remains to apply Theo-
rems 4.8, 4.6, and 2.1. 
The last theorem allows to solve Problem 10.28 from [3], as follows:
Corollary 4.10. If a Lindelöf topological group G is metrizable at infinity, then G is a
Lindelöf p-space, and the Souslin number of G is countable.
Proof. We refer to Theorem 4.9 and to Uspenskij’s theorem that the Souslin number of
every Lindelöf p-group is countable [14]. 
The assumption that G is Lindelöf can be dropped if G is not locally compact.
Corollary 4.11. Let G be a topological group with a σ -discrete network, and let bG be a
compactification of G such that the remainder bG \ G is a paracompact p-space. Then G
is separable and metrizable. 
Proof. Every space with a σ -discrete network is a Σ -space. By Theorem 4.6, G is a Lin-
delöf p-space. Every σ -discrete network in a Lindelöf space is countable. Thus, G is a
Lindelöf p-space with a countable network. It follows from a theorem in [1] that G is
separable metrizable. 
Example 4.12. The assumption of paracompactness in Theorem 4.6 cannot be dropped
and hence, does not follow automatically. To see this, we can take any non-metrizable
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convergent sequence); then any remainder of G is ˇCech-complete and therefore, is a p-
space. However, none of the remainders is paracompact. This follows from Theorem 4.6,
since G is not a p-space (all countable p-spaces are metrizable, see [1]).
The converse to Theorem 4.6 does not hold (see Example 2.3). In connection with The-
orem 4.6, it is natural to pose the following problem (see [4]):
Problem 4.13. Characterize non-locally compact topological groups G with a metrizable
remainder.
We have the following partial result in this direction:
Theorem 4.14. Let G be a non-locally compact topological group such that G is a Σ -
space in the sense of Nagami. Then G has a metrizable remainder if and only if G is
separable and metrizable.
Proof. The sufficiency is clear. Let us prove the necessity.
Let bG be a compactification of G such that the remainder bG \ G is metrizable. By
Theorem 4.6, G is a Lindelöf p-space. Then bG \ G is Lindelöf, by Henriksen–Isbell’s
theorem. It follows that the space bG \G has a countable base, since bG \G is metrizable.
Therefore, bG has a countable π -base. Since G is dense in bG, the space G also has
a countable π -base. It follows that G has a countable base [2], since G is a topological
group. 
Example 4.15. Let X = Q × Dω1 , where Q is the group of rational numbers, with the
usual topology, and D = {0,1} is the discrete two elements group. Clearly, X is a Lindelöf
p-space. Therefore, X is a Lindelöf p-space at infinity, which implies that every remainder
of X admits a perfect mapping onto a separable metrizable space. It would be natural to
conjecture in this situation that at least one of remainders of X is metrizable. However, this
is not the case. Indeed, X is a non-metrizable, non-locally compact topological group and
a Σ -space. It follows from Theorem 4.14 that no remainder of X is metrizable.
Problem 4.16. Characterize non-locally compact topological groups G with a paracompact
remainder.
The proof of Theorem 4.6 can be easily modified to show that the following statement,
proved in [4], holds:
Theorem 4.17. Let G be a topological group with the countable Souslin number. Suppose
further that G has a paracompact remainder Y . Then both G and Y are Lindelöf p-spaces.
With the help of the above theorem, it was established in [4] that every paracompact at
infinity topological group with a countable network is metrizable. It was also shown there
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Urysohn.
Problem 4.18. Suppose that G is a Lindelöf topological group with a paracompact remain-
der. Is then G a p-space?
The next result considerably improves Corollary 2.4 in [5].
Theorem 4.19. Suppose that G is a topological group with a compactification bG such
that the remainder bG \ G has a Gδ-diagonal. Then either G is locally compact, or G is
metrizable.
Proof. Assume that G is not locally compact. Then G is nowhere locally compact, since G
is a topological group. Hence, the remainder bG \ G is dense in bG. By Theorem 3.3, the
remainder bG\G is Ohio complete. Therefore, by Theorem 4.3, either G is a paracompact
p-space, or G is σ -compact. We consider two cases.
Case 1: G is σ -compact. Then, by a most remarkable theorem of M.G. Tkachenko [13],
the Souslin number of G is countable. Therefore, the Souslin number of bG is countable.
Since bG\G is dense in bG, it follows that the Souslin number of bG\G is countable. The
space bG \G is ˇCech-complete, since G is σ -compact. By a theorem of Shapirovskij [12],
there exists a dense paracompact ˇCech-complete subspace Z of bG \ G. Since Z is also a
space with a Gδ-diagonal, Z is metrizable. The Souslin number of Z is countable, since Z
is dense in bG \G. Hence, Z has a countable base, which implies that bG has a countable
π -base. Therefore, G has a countable π -base. Since G is a topological group, it follows
that G is metrizable. Note, that G is also separable in case 1, since the Souslin number
of G is countable.
Case 2: G is a paracompact p-space. By Corollary 3.7, G is Ohio complete. Therefore,
there exists a Gδ-subset Y of bG such that G ⊂ Y and every y ∈ Y \ G can be separated
from G by a Gδ-set.
Put M = Y \G. Let us show that the space bG is first countable at every y ∈ M . Indeed,
by the choice of Y , there is a compact Gδ-subset P of bG such that y ∈ P ⊂ M ⊂ bG \G.
The subspace P is metrizable as a compact space with a Gδ-diagonal. Therefore, y is a
Gδ-point in bG and hence, bG is first countable at y.
Now we have to consider two subcases.
Subcase 2(a): M ∩G = ∅. Then Y \M = G which implies that G is a Gδ-subset of bG.
Hence, bG \G is σ -compact. Since bG \G has a Gδ-diagonal, every compact subspace of
bG\G is separable and metrizable. Therefore, bG\G is also separable. Since both bG\G
and G are dense in bG, it follows that the Souslin number of G is countable. Therefore,
G is Lindelöf, since G is paracompact. Thus, G is a Lindelöf p-space. It follows from
Theorem 2.1 that bG \ G is a Lindelöf p-space as well. However, bG \ G has a Gδ-
diagonal. Hence, bG \ G has a countable base. It follows that G has a countable π -base.
Since G is a topological group, we conclude that G is metrizable. It remains to consider
the subcase 2(b):
90 A.V. Arhangel’skii / Topology and its Applications 150 (2005) 79–90Subcase 2(b): There exists a ∈ M ∩ G. Since G is a p-space, we can fix a compact
subspace F of G that has a countable base of neighbourhoods in G and contains a. Since
G is dense in bG, it follows that F has a countable base of open neighbourhoods η =
{Wn: n ∈ ω} in bG. Since a ∈ M , we can fix bn ∈ Wn ∩ M , for each n ∈ ω. Clearly, some
c ∈ F is a limit point for the sequence s = {bn: n ∈ ω}.
We have shown earlier that the space bG is first countable at bn for every n ∈ ω. Fix
a countable base µn of bG at bn. Then
⋃{µn: n ∈ ω} is a countable π -base of bG at c.
Since c ∈ G and G is dense in bG, the space G also has a countable π -base at c. Since G
is a topological group, it follows that G is metrizable. 
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